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Abstract 

In an increasingly push-button driven technological world, it is important to know what errors 

can be encountered when it comes to calculating the volumes of assets where a monetary value is 

involved. 

 

There are an increasing number of aerial and terrestrial survey companies in Africa that use 

LiDAR technology to calculate volumes of stockpiles. In very few instances are any thought given to 

the possible errors in the systems. The general assumption seems to be that the sheer volume of 

measurements will cause all random errors to cancel out, while checks for systematic errors are 

performed before and after the surveys. 

 

LiDAR survey systems are complex combinations of several sensors. The different elements of 

the systems and their precisions are discussed. An error prediction formula is derived by applying 

the General Law of Propagation of Variances. 

 

Using different laser scanner/IMU combinations, the contribution of the individual element 

errors to the total error in the 3-dimensional point coordinate was calculated to see how a better 

precision in one element might affect the overall precision. The results are illuminating in terms of 

the vertical and horizontal precision changes. 

 

The propagation of variances in an interpolated DEM is investigated and combined with the 

laser precisions and volume calculations to obtain a final probable error which is quantified using 

vendor data and real measurements. It was concluded that the error can be significant in certain 

circumstances. 

 

1. Introduction 

There are an increasing number of aerial and terrestrial survey companies in Africa that make 

use of Aerial Light Detection and Ranging (LiDAR) technology to calculate volumes of stockpiles. 

All of the components of the LiDAR systems are integrated by the software of the system and in 
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most cases under full control of the software. The volume of data captured defies comprehension 

and the final product, in this case a stockpile volume, is again produced under full control of the 

processing software and although there are some measures to judge the precision of the survey, it is 

generally not enough to gauge the precision of the final result. 

 

In this paper we show that, although the chances of a major error are slim, in certain 

circumstances the probable error can be significant. We want to emphasise the need for proper 

analysis, even in an increasingly “push-button technology” world. 

 

We must stress from the outset that, for the purpose of this research, only one combination of 

hardware, software and calculation software were investigated. The results should not be 

extrapolated to other combinations without proper careful consideration of the differences that 

might be involved. The dynamic results were obtained by observations from a helicopter and should 

also not, without careful consideration, be applied to fixed wing aircraft. 

 

2. Background 

 

2.1 The Observation System 

LiDAR survey systems are complex, consisting of a number of sensors that operate 

simultaneously.  At least three elements have to be present for the successful operation of an aerial 

survey system.  First is the Global Navigation Satellite System (GNSS) to determine positional 

location of the platform.  Secondly the Inertial Measurement Unit (IMU), which records the 

orientation and attitude of the platform.  A sensor, in this case, the laser scanner (laser scanning 

component), which serves to measure location of objects from the reflectance of the laser beam, 

completes the system. (May & Toth, 2007). Each component of the survey system records data that 

has been time-stamped and this forms the common reference time in combining all of the pieces of 

information. 

 

Laser scanners are the integral component of a LiDAR system. All scanners are active sensor 

systems that measure distance and direction between the scanner itself and an illuminated spot on 

the ground (Wehr & Lohr, 1999). A scanning sensor can be subdivided into key components as 

follows (Fig. 1):   

 The laser ranging unit–consisting of an emitting source and electro-optical receiver  

 Opto-mechanical scanner –the moving part/scanning mirror  

 Control and processing unit – linking the scanner with the IMU and GNSS data (Wehr 

& Lohr, 1999).    
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Figure 1: The typical aerial LiDAR system (Wehr & Lohr, 1999). 

 

The three components of the LiDAR are spatially separated, so the geometrical relationships 

between them have to be determined and maintained (May, 2008).  

 

The vector between the GPS antenna phase centre and the origin of the IMU is called the lever 

arm. The three components of the vector, the offsets, are usually determined with conventional 

survey techniques, but they can also be checked by Kalman filtering the GPS and IMU 

measurements (May, 2008). 

 

The inter-sensor relationship between the IMU origin and the laser scanner, the so-called 

boresight, also need to be determined. This relationship consists of a vector, which can be 

determined mechanically, like the lever arm, and three rotation angles. The approximate values of 

the rotation angles can be determined from the mechanical alignment of the IMU and scanner and 

the differences between the true and approximate values is called the boresight misalignment (May, 

2008). 

 

In order to join the positions of the three elements of the system into a common point, the 

relative orientation and position of the lever arm and boresight is noted and mathematically reduced 

to a common point for the system at the origin of the IMU.  With the known timestamp on the 

trajectory, an exact source point of the emitted beam can be calculated.  Finally, with the exact 

known source location (coordinate), the distance to the target, and the angle to the target, a 3-

dimentional coordinate (x, y & z) can be calculated by means of trigonometric calculations.  In 

reality the scanner also records reflective intensity (I) and thus a four-dimensional coordinate (x, y, 

z, I) is captured for each point (Shi, 2010). The resulting product is a geo-referenced point cloud. 

 

The first two components of the system serve to create a precise source trajectory for the laser 

scanner using differential GNSS and inertial techniques, while the laser scanner determines 

direction and distance from the source to the target.  
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2.2 The Volume Calculation Software 

Prior to computing a surface, the point clouds are classified based on the reflective intensity, and 

ground points relevant to surface creation are extracted with classification algorithms. Key-points, 

strategically thinned points from the original point cloud, are then extracted since the original point 

cloud is too dense for surface creation and volumetric calculations on most software systems.  A 

surface is then constructed from the key-points that are located on the stockpile under investigation. 

 

The volume calculation software is a fairly standard surface generation and analysis package 

with sophisticated design and draughting capabilities. Surfaces are created using standard 

triangulation algorithms. 

 

The only tool examined for the purpose of this research is the volume calculation part. It is 

acknowledged that errors can most certainly develop during the classification and extraction of the 

points as well as during the surface generation phase, but that was not part of the scope of the 

research. 

 

3. Sources of Error 

 

3.1 The LiDAR System Components 

Goulden & Hopkinson (2010) identified five sources of uncertainty when dealing with a 

multisensory LiDAR system.  These are 1) GNSS Unit, 2) IMU, 3) Scanning Mirror Unit, 4) Laser 

Ranging Unit, and 5) Integration of components (timing and offsets). Timing integration of 

components is particularly important as all components are collecting data at different rates. LiDAR 

points can be collected at rates exceeding 380 kHz and this must be registered to the timing of the 

GPS and IMU subsystems which measures at 2Hz and 200Hz respectively.   

 

The timing component will not be considered in this study and a perfect timing solution 

connecting all the solutions is assumed, but the inter-sensor or geometric integration is part of the 

study. 

 

The positional solution from the GNSS varies from day to day depending on various factors of 

which satellite constellation quality and atmospheric conditions are only two. We will consider a 

general case and use instead a conservative estimation of the error vector in 3D, after post-

processing, supplied by the GNSS-solution vendor. 

 

The IMU functions mainly as an accelerometer to determine the attitude and forward movement 

of the aircraft and as such is subject to drift and random errors (Flenniken et al., 2005).  Coupled to 

the GNSS and using a Kalman filter the temporal variability can be smoothed and accuracies 

ranging from 5 – 15cm can be attained (Baltsavias, 1999). 
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A potentially serious threat to the precision of the measurements is the boresight misalignment, 

since the effect of angular inaccuracies greatly increases with the distance to the target. (May, 2008) 

 

3.2 The Software for Volume Computation 

We have to assume that the algorithms in the software used for volume computations are correct, 

the classification of ground points is flawless and key-point extractions are done judiciously to 

allow for precise surface interpolation. If that is so, all the error in the final volume will be due to 

the propagation of errors inherited from the data acquisition phase, in other words, from the LiDAR 

system components. 

 

What we looked at are the errors that can propagate through the volumetric calculations due to 

errors in the ground survey, which are not taken into account by the software. The only value 

reported is the volume of the cut and fill as calculated from the computed surface and bottom design 

lower surface as indicated in figure 2. 

 

 
Figure 2: Output from volumetric calculations (Soininen, 2013: 24) 

 

A further concern is the statement in the user’s guide that “The cut volume is a correct value.” 

(Soininen, 2013: 24) This can surely trigger a false sense of accuracy and precision in the user. 

4. Error Propagation 

 

4.1 The Error Budget 

The development of an error budget to characterize point positioning performance by means of 

individual error contributions has been limited so far.  This is likely due to the complex nature of 

the analytical model, which is highly non-linear and has many error terms (Toth & Grejner-

Brzezinska, 2010).  However, some authors (May & Toth, 2007; Toth & Grejner-Brzezinska, 2010) 

did attempt to derive such an error budget analysis and to identify error factors that come into play. 

 

The following error factors, with the number of measurements involved, were identified by the 

authors (Ibid.): 
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 Navigation positional error (X Y Z) – 3    

 IMU measured attitude angles error (omega, phi, kappa – ω, φ, κ) – 3  

 Boresight angles (dω, dφ, dκ) – 3  

 Laser scanner error (Range measurement & Scan angle – d & a) – 2  

 Lever-arm offset error (lx,ly, lz) – 3 (Glennie, 2007; May &Toth, 2007) 

 

Typical standard deviations, 1σ, for the measurements are given in table 1. The lever arm offset 

errors, as explained earlier, is constant and can be determined by Kalman filtering the GNSS and 

IMU measurements. The errors are factored into the target point coordinate calculations and are 

therefore left out of the table. 

 

Table 1: A summary of all the random errors that affect the point positioning accuracy of an 

airborne LiDAR system and their typical values (Adapted from: May & Toth, 2007). 
Error Sources Used Symbol Typical Values (1σ) 

Navigational Errors (GPS, IMU)   

Position Errors σX, σY, σZ 5 – 15cm for σX, σY, 

7.5 – 22.5 for σZ 

Attitude Angle Errors σ, σφ, σ 10” – 30” for σ, σφ 

20” – 1’ for σ 

Boresight Misalignment Errors σd, σdφ, σd 10” for σd, σdφ 

30” for σd 

Range Measurement Error σd 1cm 

Scan Angle Error σa 0.0007º = 2.52” 

 

4.2 Error Propagation through the Measurement System 

The components of the LiDAR equation are represented in figure 3. (Note: The Inertial 

Navigation System (INS) is the same as the IMU) 

 

 

 
Figure 3: LiDAR system components and definitions (May & Toth, 2007) 

 



7 

 

May and Toth (2007) gives the following LiDAR equation, 

 

 [1] 

Where, from May & Toth (2007) 

rM – 3D coordinates of the object point in the mapping frame 

rM,INS – Time dependent 3D IMU coordinates in the mapping frame provided by the 

GNSS and IMU  

RINS
M

 – Time dependent rotation matrix between the IMU body and mapping frame, 

measured by the IMU 

RL
INS

 – Boresight matrix between the IMU body frame and the laser frame 

rL – 3D coordinates of the object point in the laser frame. 

bINS – The boresight offset vector. 

 

Equation 1 can be written in terms of the differential errors and four rotation Jacobians as 

follows: 

 

 [2] 

Where J, K and B are Jacobians of rotation transformation. (Glennie, 2007) 

 

By applying the general law of the propagation of variances, the covariance matrix of the LiDAR 

point position can be derived (May & Toth , 2007). 

 

 [3] 

Where 

COVLiDAR – Covariance matrix of the LiDAR point positions 

COVErrorTerms – Covariance matrix of the IMU sensor position, IMU attitude angles, 

boresight angles, measured range and scan angle. 

A -  The Jacobian matrix containing the partial derivatives of all the error variables in 

terms of the point position X, Y and Z coordinates. (May & Toth , 2007) 

 

Once the variances of the X, Y and Z coordinates for the surveyed points have been calculated, 

the propagation of the errors through the calculation process can be followed. 

 

4.3 Error Propagation through the Volume Calculations 

Zhu et al (2005), after a lengthy derivation, give the following formula for estimating the 

precision of any interpolated point in a Triangular Irregular Network (TIN): 
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 [4] 

where σ
2

NODE is the precision of the vertices of the triangles used to interpolate the Digital 

Elevation Model (DEM), that is, the surveyed points, of which the precision was obtained using 

equation 3. 

 

5. Data and Calculations 

 

5.1 Precision of the Components 

 

5.1.1 The Position Determination Component 

From the specification sheet and through personal correspondence with the company supplying 

the GNSS, IMU and interface, we learnt that the 0.05m accuracy of the platform position should be 

taken to be the RMS of the length of the error vector in 3D, i.e. X, Y & Z after post processing. 

 

In order to arrive at a figure for each one of X, Y & Z, the 3D-error of the vector were 

mathematically considered as a combination of the three components.  According to May & Toth 

(2007), 𝜎𝑋 = 𝜎𝑌 & 𝜎Z = 1.5𝜎X, which is representative of most practical examples.  Thus the height 

of a point has a greater standard deviation (imprecision) than the X (easting) and Y (northing) 

coordinate obtained from the DGPS solution. Therefore in light of the above we have 𝜎𝑋2 + 𝜎𝑋2 + 

(1.5𝜎𝑋)2 = 0.05m
2, reducing to 𝜎𝑋 = 0.01429m, and 𝜎Y= 0.01429m, and finally 𝜎𝑍 =0.02143m. If 

compared to Table 1 this is a much better solution than the 𝜎𝑌 𝜖[0.05m, 0.15m] and for 

𝜎Z 𝜖[0.075𝑚, 0.225𝑚].  

 

The IMU’s performance precision is specified as follows for each axis of rotation:  

 Roll: σ = 0.004º = 14.4” 

 Pitch: σφ = 0.004º = 14.4” 

 Heading: σ = 0.01º =36” 

which compares well with the values in Table 1. 

 

5.1.2 Boresight Misalignment Error 

After every IMU–Scanner relative movement, the boresight measurements need to be 

recalculated.  The method for doing so is post processing of overlapping strips of LiDAR data over 

non-flat terrain features. A general angle of rotation from the IMU to the scanner around each axis 

is used initially before processing the data.  What remain are small deviations (refinements) that can 

only be calculated by post-processing methods. 
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For this study we obtained archived post-processing calculated values (34 unique combinations) 

for different projects over a period of 18 months. We then calculated the standard deviation for each 

of these angles and arrived at the following: 

 Boresight Roll: σd = 0.1563055º = 9’ 22.7” 

 Boresight Pitch: σdφ = 0.08494642º = 5’ 5.805” 

 Boresight Heading: σd = 0.26614251º = 15’ 58.1148” 

which are substantially larger than the values given in Table 1. 

 

5.1.3 Laser measurements (Range and Angle) 

These were obtained from the specification sheet as follows: 

 Range measurement precision: σd = 0.005m 

 Angle measurement precision: σa = 0.001º = 3.6” 

 

5.1.4 Lever Arm Offsets 

To obtain a precision for the lever arm offsets they were physically measured 30 times with 

different tape measures and rulers. The standard deviations calculated were: 

 σlx = 0.000348m 

 σly = 0.000382m 

 σlz = 0.00184m 

 

5.2 Calculations 

Instead of populating all the matrices and doing the calculations, use was made of a LiDAR error 

propagation calculator which is available from British Columbia (n.d.) and performs all the 

calculations explained above. The output is the LiDAR covariance matrix, CLiDAR and the standard 

deviations of X, Y and Z. Figure 3 shows the results for the research reported here. 

 

 
Figure 4: Results for the calculation of the precision of a surveyed point 
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The precision of a surveyed point, in the X, Y and Z coordinates,  at flying heights of 150m and 

200m respectively, were calculated to be: 

 σX = 0.193627m and 0.257801m 

 σY = 0.498572m and 0.664298m 

 σZ = 0.113703m and 0.150233m 

 

The two flying heights were used to illustrate how rapidly the precision decreases. 

 

5.2 Stockpile Volumes 

For hypothetical reasons a coal stockpile of 100m
3
 was analysed for the height and width 

differences if the volume changes by 5%, that is, by 5m
3
. Discussions with various mine surveyors 

revealed that 100m
3
 is about the smallest stockpile and 5% sounds reasonable. 

 

 
Figure 5: Coal stockpile annotated for calculations 

With reference to figure 5, it was shown during the research that the change in width and height 

for a certain volume change can be given by the following equation: 

 

 [5] 

The changed height can be calculated using the new width in the following equation: 

 

 [6] 

Given that the angle of response, Ω, for coal is 35º, the change in the width and height of a 

100m
3
 coal stockpile, changing by 5m

3
, was calculated to be 0.086m and 0.060m respectively. 

 

6. Summary and Discussion of the Results 

 

Table 2: A summary of the results of the research 

Measured Variable Precision Obtainable from 

the survey and surface 

interpolation 

vs. Precision required in 100m
3
 to maintain a 5% 

confidence interval 

 150m flying 

height 

200m flying 

height 

  

X 0.193m 0.258  0.086m 

Y 0.499m 0.664  0.086m 

Z 0.114m 0.150  0.060m 
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From the summary of the results in table 2 it can be seen that, in the case of small stockpiles, the 

assumption that the volume calculated in the end is correct is clearly not justified. Obviously as the 

volumes grow, the precision of the volume calculation will also grow, provided the same flying 

height is maintained. 

 

The importance of the research lies in the fact that it has shown that precision does matter. One 

cannot simply assume that the survey and calculation will be within a specified tolerance. 

 

7. Conclusion 

The paper discussed a LiDAR aerial survey system and the possible sources of error. We also 

looked at the possible magnitudes of the errors and the influence they have on spatial interpolation 

and subsequent volume calculations. 

 

We came to the conclusion that in the case of small stockpiles it is quite possible that an error of 

more than 5% of the volume can be made and in such cases it would be prudent to calculate the 

precision of the final values. It would also be wise to look at what influence the height of the 

aircraft has on the final results. 
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